We introduce the notions of the asymptotic SMK-sequence with respect to the stronger MeirKeeler cone-type mapping ξ : int P ∪ {θ} → 0, 1 and the asymptotic WMK-sequence with respect to the weaker Meir-Keeler cone-type mapping φ : int P ∪ {θ} → int P ∪ {θ} and prove some common fixed point theorems for these two asymptotic sequences in cone metric spaces with regular cone P . Our results generalize some recent results.
Introduction and Preliminaries
Let X, d be a metric space, D a subset of X, and f : D → X a map. We say f is contractive if there exists α ∈ 0, 1 such that for all x, y ∈ D, d fx, fy ≤ α · d x, y .
1.1
Subsequently, some authors worked on this notion of Meir-Keeler contraction e.g., 7-10 .
Huang and Zhang 11 introduced the concept of cone metric space by replacing the set of real numbers by an ordered Banach space, and they showed some fixed point theorems of contractive type mappings on cone metric spaces. The category of cone metric spaces is larger than metric spaces. Subsequently, many authors like Abbas and Jungck 12 have generalized the results of Huang and Zhang 11 and studied the existence of common fixed points of a pair of self-mappings satisfying a contractive type condition in the framework of normal cone metric spaces. However, authors like Rezapour and Hamlbarani 13 studied the existence of common fixed points of a pair of self and nonself mappings satisfying a contractive type condition in the situation in which the cone does not need to be normal. Many authors studied this subject, and many results on fixed point theory are proved see, e.g., 13-27 . Throughout this paper, by Ê we denote the set of all real numbers, while AE is the set of all natural numbers, and we initiate our discussion by introducing some preliminaries and notations.
Journal of Applied Mathematics 3 Definition 1.3 see 11 . Let E be a real Banach space and P a nonempty subset of E. P / {θ}, where θ denotes the zero element of E, is called a cone if and only if i P is closed, ii a, b ∈ Ê, a, b ≥ 0, x, y ∈ P ⇒ ax by ∈ P , iii x ∈ P and −x ∈ P ⇒ x θ.
For given a cone P ⊂ E, we can define a partial ordering with respect to P by x y or x y if and only if y − x ∈ P for all x, y ∈ E. The real Banach space E equipped with the partial ordered induced by P is denoted by E, . We shall write x ≺ y to indicate that x y but x / y, while x y will stand for y − x ∈ int P , where int P denotes the interior of P . ii If e f and f g, then e g.
iii If e f and f g, then e g.
iv If a ∈ P and a e for each e ∈ int P , then a θ.
Proposition 1.5 see 29 .
Suppose e ∈ int P , θ a n , and a n → θ. Then, there exists n 0 ∈ AE such that a n e for all n ≥ n 0 .
The cone P is called normal if there exists a real number K > 0 such that for all x, y ∈ E, θ x y ⇒ x ≤ K y .
1.6
The least positive number K satisfying above is called the normal constant of P . The cone P is called regular if every increasing sequence which is bounded from above is convergent, that is, if {x n } is a sequence such that
for some y ∈ E, then there is x ∈ E such that x n − x → 0 as n → ∞. Equivalently, the cone P is regular if and only if every decreasing sequence which is bounded from below is convergent. It is well known that a regular cone is a normal cone. Definition 1.6 see 11 . Let X be a nonempty set, E a real Banach space, and P a cone in E.
ii d x, y θ if and only if x y,
Then, d is called a cone metric on X, and X, d is called a cone metric space. In this paper, we introduce the notions of the asymptotic SMK-sequence with respect to the stronger Meir-Keeler cone-type mapping ξ : int P ∪ {θ} → 0, 1 and the asymptotic WMK-sequence with respect to the weaker Meir-Keeler cone-type mapping φ : int P ∪ {θ} → int P ∪ {θ} and prove some common fixed point theorems for these two asymptotic sequences in cone metric spaces with regular cone P . 
Common Fixed Point Theorems for the Asymptotic SMK-Sequences
Let f : X → X be a mapping satisfying
where β ∈ S. Then, f has a unique fixed point z ∈ X.
In this section, we first introduce the notions of the stronger Meir-Keeler cone-type mapping ξ : int P ∪ {θ} → 0, 1 and the asymptotic SMK-sequence with respect to this stronger Meir-Keeler cone-type mapping ξ, and we next prove some common fixed point theorems for the asymptotic SMK-sequence in cone metric spaces. Definition 2.2. Let X, d be a cone metric space with cone P , and let
Then, the function ξ is called a stronger Meir-Keeler cone-type mapping, if for each η ∈ int P with η θ there exists δ θ such that for x, y ∈ X with η d x, y δ η there exists γ η ∈ 0, 1 such that ξ d x, y < γ η .
Example 2.3. Let E Ê, P {x ∈ E : x θ} a normal cone, X 0, ∞ , and let d : X × X → E be the Euclidean metric. Define ξ : int P ∪ {θ} → 0, 1 by ξ d x, y γ where γ ∈ 0, 1 , x, y ∈ X, then ξ is a stronger Meir-Keeler cone-type mapping. 
2.5
Then, we call {f n } n∈AE an asymptotic SMK-sequence with respect to this stronger Meir-Keeler cone-type mapping ξ.
and we define the mapping d :
6
Journal of Applied Mathematics
Let the asymptotic SMK-sequence of mappings, {f n } n∈AE , f n : X → X be
2.9
Then, ξ is a stronger Meir-Keeler cone-type mapping and for α 2, and let {f n } n∈AE be an asymptotic SMK-sequence with respect to this stronger Meir-Keeler cone-type mapping ξ. Now, we will prove the following common fixed point theorem of the asymptotic SMK-sequence with respect to this stronger Meir-Keeler cone-type mapping for cone metric spaces with regular cone. 
2.11
Given x 0 ∈ X and we define the sequence {x n } recursively as follows:
x n f α n x n−1 , ∀n ∈ AE.
2.12
Hence, for each n ∈ AE, we have
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Thus, the sequence {d x n , x n 1 } is descreasing. Regularity of P guarantees that the mentioned sequence is convergent. Let lim n → ∞ d x n , x n 1 η ≥ 0. Then, there exists κ 0 ∈ AE such that for all n ≥ κ 0 η d x n , x n 1 η δ.
2.13
For each n ∈ AE, since ξ is a stronger Meir-Keeler type mapping, for these η and δ 0 we have that for x κ 0 n , x κ 0 n 1 ∈ X with η d x κ 0 n , x κ 0 n 1 δ η, there exists γ η ∈ 0, 1 such that ξ d x κ 0 n , x κ 0 n 1 < γ η . Thus, by * , we can deduce
2.14 and it follows that for each n ∈ AE
2.15
So, We next prove that ν is a unique periodic point of f j , for all j ∈ AE. Since for all j ∈ AE, 
Journal of Applied Mathematics
Let μ be another periodic point of f i , for all i ∈ AE. Then,
Then, μ ν.
j f i ν , we have that f i ν is also a periodic point of f i , for all j ∈ AE. Therefore, ν f i ν, for all j ∈ AE, that is, ν is a unique common fixed point of {f n } n∈AE .
Example 2.8. It is easy to get that 0, 0 is a unique common fixed point of the asymptotic SMK-sequence {f n } n∈AE of Example 2.6.
If the stronger Meir-Keeler cone-type mapping ξ t c for some c ∈ 0, 1 , then we are easy to get the following corollaries. 
2.21
Then, {f n } n∈AE has a unique common fixed point in X.
Corollary 2.10 see 11 . Let X, d be a complete cone metric space, P a regular cone of a real
Banach space E, and let c ∈ 0, 1 . Suppose the mapping f : X → X satisfies that for some α ∈ AE,
2.22
Then, f has a unique fixed point in X.
Definition 2.11. Let X, d be a cone metric space with a cone P , and let
be stronger Meir-Keeler cone-type mappings with
Suppose the sequence {f n } n∈AE , f n : X → X satisfy that for some α ∈ AE,
2.25
Then, we call {f n } n∈AE a generalized asymptotic SMK-sequence with respect to the stronger Meir-Keeler cone-type mappings {ξ i,j } i,j∈AE .
Example 2.12. Let E Ê 2 and P { x, y ∈ Ê 2 |x, y θ} a normal cone in E. Let
2.27
Let
2.28
and let ξ i,j , ξ : P → 0, 1 be Example 2.14. It is easy to get that 0, 0 is a unique common fixed point of the generalized SMK-sequence {f n } n∈AE of Example 2.12.
Common Fixed Point Theorems for the Asymptotic

WMK-Sequences
In this section, we first introduce the notions of the weaker Meir-Keeler cone-type mapping φ : int P ∪ {θ} → int P ∪ {θ} and the asymptotic WMK-sequence with respect to this weaker Meir-Keeler cone-type mapping φ, and we next prove some common fixed point theorems for the asymptotic WMK-sequence in cone metric spaces.
Definition 3.1. Let X, d be a cone metric space with cone P , and let
Then, the function φ is called a weaker Meir-Keeler cone-type mapping, if for each η ∈ int P with η θ there exists δ θ such that for x, y ∈ X with η d x, y δ η there exists
Example 3.2. Let E Ê, P {x ∈ E : x θ} a normal cone, X 0, ∞ , and let d : X × X → E be the Euclidean metric. Define φ : int P ∪ {θ} → int P ∪ {θ} by φ d x, y 1/3 d x, y for x, y ∈ X, then φ is a weaker Meir-Keeler cone-type mapping. Definition 3.3. Let X, d be a cone metric space with a cone P , φ : int P ∪ {θ} → int P ∪ {θ} be a weaker Meir-Keeler cone-type mapping, and let f n n∈AE , f n : X → X 3. 
3.5
3.6
Hence, for each n ∈ AE, we have 
3.7
